Some Simpson type inequalities for h-convex and (\alpha,m)-convex
  functions by Liu, Wenjun
ar
X
iv
:1
21
0.
40
62
v2
  [
ma
th.
CA
]  
16
 O
ct 
20
12
SOME SIMPSON TYPE INEQUALITIES FOR h−CONVEX AND
(α,m)−CONVEX FUNCTIONS
WENJUN LIU
Abstract. In this paper, we establish some Simpson type inequalities for functions whose third
derivatives in the absolute value are h−convex and (α,m)−convex, respectively.
1. Introduction
The following inequality is well known in the literature as Simpson’s inequality:
(1.1)
∣∣∣∣
∫ b
a
f(t)dt−
b− a
3
[
f(a) + f(b)
2
+ 2f
(
a+ b
2
)]∣∣∣∣ ≤ 12880‖f (4)‖∞(b− a)5,
where the mapping f : [a, b] → R is supposed to be four time differentiable on the interval
(a, b) and having the fourth derivative bounded on (a, b), that is ‖f (4)‖∞ = supx∈(a,b)|f
(4)(x)|
<∞. This inequality gives an error bound for the classical Simpson quadrature formula, which,
actually, is one of the most used quadrature formulae in practical applications. In recent years,
such inequalities were studied extensively by many researchers and numerious generalizations,
extensions and variants of them appeared in a number of papers (see [1, 5, 6, 10, 11, 12, 17, 19]).
Let us recall definitions of some kinds of convexity as follows.
Definition A. [8] We say that f : I → R is Godunova-Levin function or that f belongs to the
class Q (I) if f is non-negative and for all x, y ∈ I and t ∈ (0, 1) we have
(1.2) f (tx+ (1− t) y) ≤
f (x)
t
+
f (y)
1− t
.
Definition B. [7] We say that f : I ⊆ R → R is a P−function or that f belongs to the class
P (I) if f is non-negative and for all x, y ∈ I and t ∈ [0, 1] we have
(1.3) f (tx+ (1− t) y) ≤ f (x) + f (y) .
Definition C. [9] Let s ∈ (0, 1] . A function f : (0,∞] → [0,∞] is said to be s−convex in the
second sense if
(1.4) f (tx+ (1− t) y) ≤ tsf (x) + (1− t)s f (y) ,
for all x, y ∈ (0, b] and t ∈ [0, 1]. This class of s−convex functions is usually denoted by K2s .
Definition D. [20] Let h : J ⊆ R → R be a positive function. We say that f : I ⊆ R → R
is h−convex function, or that f belongs to the class SX (h, I), if f is non-negative and for all
x, y ∈ I and t ∈ [0, 1] we have
(1.5) f (tx+ (1− t) y) ≤ h (t) f (x) + h (1− t) f (y) .
If inequality (1.5) is reversed, then f is said to be h−concave, i.e. f ∈ SV (h, I).
Obviously, if h (t) = t, then all non-negative convex functions belong to SX (h, I) and all
non-negative concave functions belong to SV (h, I); if h (t) = 1
t
, then SX (h, I) = Q (I); if
h (t) = 1, then SX (h, I) ⊇ P (I); and if h (t) = ts, where s ∈ (0, 1], then SX (h, I) ⊇ K2s . For
recent results concerning h−convex functions see [3, 4, 16, 20] and references therein.
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Definition E. [18] The function f : [0, b] → R is said to be m−convex, where m ∈ [0, 1], if for
every x, y ∈ [0, b] and t ∈ [0, 1] we have
f(tx+m(1− t)y) ≤ tf(x) +m(1− t)f(y).
Denote by Km(b) the set of the m−convex functions on [0, b] for which f(0) ≤ 0.
Definition F. [13] The function f : [0, b] → R, b > 0 is said to be (α,m)−convex, where
(α,m) ∈ [0, 1]2, if for all x, y ∈ [0, b] and t ∈ [0, 1] we have
f(tx+m(1− t)y) ≤ tαf(x) +m(1− tα)f(y).
Denote by Kαm(b) the class of all (α,m)−convex functions on [0, b] for which f(0) ≤ 0.
If we choose (α,m) = (1,m), it can be easily seen that (α,m)−convexity reduces tom−convexity
and for (α,m) = (1, 1), we have ordinary convex functions on [0, b].
Recently, O¨zdemir et al. [14] established some Simpson type inequalities for functions whose
third derivatives in the absolute value are m−convex. In [15], O¨zdemir et al. established the
following inequalities for functions whose third derivatives in the absolute value are s−convex
in the second sense.
Theorem A. Let f : I ⊂ [0,∞)→ R be a differentiable function on I◦ such that f ′′′ ∈ L1[a, b],
where a, b ∈ I◦ with a < b. If |f ′′′| is s−convex in the second sense on [a, b] for some fixed
s ∈ (0, 1], then∣∣∣∣
∫ b
a
f(x)dx−
b− a
6
[
f(a) + 4f
(
a+ b
2
)
+ f(b)
]∣∣∣∣
≤
(b− a)4
6
[
2−4−s
(
(1 + s)(2 + s) + 34 + 24+s(−2 + s) + 11s + s2
)
(1 + s)(2 + s)(3 + s)(4 + s)
] [∣∣f ′′′(a)∣∣ + ∣∣f ′′′(b)∣∣] .(1.6)
Theorem B. Let f : I ⊂ [0,∞)→ R be a differentiable function on I◦ such that f ′′′ ∈ L1[a, b],
where a, b ∈ I◦ with a < b. If |f ′′′|q is s−convex in the second sense on [a, b] for some fixed
s ∈ (0, 1] and q > 1 with 1
p
+ 1
q
= 1, then∣∣∣∣
∫ b
a
f(x)dx−
b− a
6
[
f(a) + 4f
(
a+ b
2
)
+ f(b)
]∣∣∣∣
≤
(b− a)4
48
(
1
2
) 1
p
(
Γ(2p+ 1)Γ(p + 1)
Γ(3p+ 2)
) 1
p
{[
1
2s+1(s + 1)
∣∣f ′′′(a)∣∣q + 2s+1 − 1
2s+1(s+ 1)
∣∣f ′′′(b)∣∣q]
1
q
+
[
2s+1 − 1
2s+1(s+ 1)
∣∣f ′′′(a)∣∣q + 1
2s+1(s+ 1)
∣∣f ′′′(b)∣∣q]
1
q
}
.(1.7)
Theorem C. Suppose that all the assumptions of Theorem B are satisfied. Then∣∣∣∣
∫ b
a
f(x)dx−
b− a
6
[
f(a) + 4f
(
a+ b
2
)
+ f(b)
]∣∣∣∣
≤
(b− a)4
6
(
1
192
)1− 1
q
×


(
2−4−s
(3 + s)(4 + s)
∣∣f ′′′(a)∣∣q + 2−4−s
(
34 + 24+s(−2 + s) + 11s + s2
)
(1 + s)(2 + s)(3 + s)(4 + s)
∣∣f ′′′(b)∣∣q
) 1
q
+
(
2−4−s
(
34 + 24+s(−2 + s) + 11s+ s2
)
(1 + s)(2 + s)(3 + s)(4 + s)
∣∣f ′′′(a)∣∣q + 2−4−s
(3 + s)(4 + s)
∣∣f ′′′(b)∣∣q
) 1
q

 .(1.8)
The main purpose of this paper is to establish some new Simpson type inequalities for functions
whose third derivatives in the absolute value are h−convex and (α,m)−convex, respectively.
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2. Simpson type inequalities for h-convex functions
To prove our main theorems, we need the following identity established in [2]:
Lemma 1. Let f : I → R be a function such that f ′′′be absolutely continuous on I◦, the interior
of I. Assume that a, b ∈ I◦, with a < b and f ′′′ ∈ L1[a, b]. Then, the following equality holds:∫ b
a
f(x)dx−
b− a
6
[
f(a) + 4f
(
a+ b
2
)
+ f(b)
]
= (b− a)4
∫ 1
0
p(t)f ′′′(ta+ (1− t)b)dt,
where
p(t) =
{
1
6t
2
(
t− 12
)
, t ∈ [0, 12 ],
1
6(t− 1)
2
(
t− 12
)
, t ∈ (12 , 1].
Using this lemma, we can obtain the following inequalities for h−convex functions.
Theorem 1. Let h : J ⊆ R→ R ([0, 1] ⊆ J) be a non-negative function, and f : I ⊂ [0,∞)→ R
be a differentiable function on I◦ such that f ′′′ ∈ L1[a, b], where a, b ∈ I
◦ with a < b. If |f ′′′| is
h−convex on [a, b], then∣∣∣∣
∫ b
a
f(x)dx−
b− a
6
[
f(a) + 4f
(
a+ b
2
)
+ f(b)
]∣∣∣∣
≤
(b− a)4
6
[∫ 1
2
0
t2
(
1
2
− t
)
h(t)dt+
∫ 1
2
0
t2
(
1
2
− t
)
h(1 − t)dt
] [∣∣f ′′′(a)∣∣+ ∣∣f ′′′(b)∣∣] .(2.1)
Proof. From Lemma 1 and s−convexity of |f ′′′|, we have∣∣∣∣
∫ b
a
f(x)dx−
b− a
6
[
f(a) + 4f
(
a+ b
2
)
+ f(b)
]∣∣∣∣
≤ (b− a)4
{∫ 1
2
0
∣∣∣∣16t2
(
t−
1
2
)∣∣∣∣ ∣∣f ′′′(ta+ (1− t)b)∣∣ dt
+
∫ 1
1
2
∣∣∣∣16(t− 1)2
(
t−
1
2
)∣∣∣∣ ∣∣f ′′′(ta+ (1− t)b)∣∣ dt
}
≤
(b− a)4
6
{∫ 1
2
0
t2
(
1
2
− t
)(
h(t)
∣∣f ′′′(a)∣∣+ h(1 − t) ∣∣f ′′′(b)∣∣) dt
+
∫ 1
1
2
(t− 1)2
(
t−
1
2
)(
h(t)
∣∣f ′′′(a)∣∣ + h(1− t) ∣∣f ′′′(b)∣∣) dt
}
=
(b− a)4
6
[∫ 1
2
0
t2
(
1
2
− t
)
h(t)dt+
∫ 1
1
2
(t− 1)2
(
t−
1
2
)
h(t)dt
] [∣∣f ′′′(a)∣∣+ ∣∣f ′′′(b)∣∣] ,
where we have used the fact that∫ 1
2
0
t2
(
1
2
− t
)
h(t)dt+
∫ 1
1
2
(t− 1)2
(
t−
1
2
)
h(t)dt
=
∫ 1
2
0
t2
(
1
2
− t
)
h(1 − t)dt+
∫ 1
1
2
(t− 1)2
(
t−
1
2
)
h(1 − t)dt
=
∫ 1
2
0
t2
(
1
2
− t
)
h(t)dt+
∫ 1
2
0
t2
(
1
2
− t
)
h(1− t)dt.
Hence, the proof of (2.1) is complete. 
Remark 1. In Theorem 1, if we choose h(t) = ts, s ∈ (0, 1], then (2.1) reduces to (1.6).
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Theorem 2. Let h : J ⊆ R→ R ([0, 1] ⊆ J) be a non-negative function, and f : I ⊂ [0,∞)→ R
be a differentiable function on I◦ such that f ′′′ ∈ L1[a, b], where a, b ∈ I
◦ with a < b. If |f ′′′|q is
h−convex on [a, b] and q > 1 with 1
p
+ 1
q
= 1, then∣∣∣∣
∫ b
a
f(x)dx−
b− a
6
[
f(a) + 4f
(
a+ b
2
)
+ f(b)
]∣∣∣∣
≤
(b− a)4
48
(
1
2
) 1
p
(
Γ(2p + 1)Γ(p + 1)
Γ(3p + 2)
) 1
p
×


[(∫ 1
2
0
h(t)dt
) ∣∣f ′′′(a)∣∣q +
(∫ 1
2
0
h(1 − t)dt
)∣∣f ′′′(b)∣∣q
] 1
q
+
[(∫ 1
2
0
h(1 − t)dt
) ∣∣f ′′′(a)∣∣q +
(∫ 1
2
0
h(t)dt
) ∣∣f ′′′(b)∣∣q
] 1
q

 .(2.2)
Proof. From Lemma 1, and using the s−convexity of |f ′′′|q and the well-known Ho¨lder’s inequal-
ity, we have∣∣∣∣
∫ b
a
f(x)dx−
b− a
6
[
f(a) + 4f
(
a+ b
2
)
+ f(b)
]∣∣∣∣
≤
(b− a)4
6


(∫ 1
2
0
(
t2
(
1
2
− t
))p
dt
) 1
p
(∫ 1
2
0
∣∣f ′′′(ta+ (1− t)b)∣∣q dt
) 1
q
+
(∫ 1
1
2
(
(t− 1)2
(
t−
1
2
))p
dt
) 1
p
(∫ 1
1
2
∣∣f ′′′(ta+ (1− t)b)∣∣q dt
) 1
q


≤
(b− a)4
6
(
Γ(2p+ 1)Γ(p + 1)
23p+1Γ(3p + 2)
) 1
p


(∫ 1
2
0
[
h(t)
∣∣f ′′′(a)∣∣q + h(1− t) ∣∣f ′′′(b)∣∣q] dt
) 1
q
+
(∫ 1
1
2
[
h(t)
∣∣f ′′′(a)∣∣q + h(1 − t) ∣∣f ′′′(b)∣∣q] dt
) 1
q


≤
(b− a)4
48
(
1
2
) 1
p
(
Γ(2p + 1)Γ(p + 1)
Γ(3p + 2)
) 1
p
×


[(∫ 1
2
0
h(t)dt
) ∣∣f ′′′(a)∣∣q +
(∫ 1
2
0
h(1 − t)dt
) ∣∣f ′′′(b)∣∣q
] 1
q
+
[(∫ 1
1
2
h(t)dt
) ∣∣f ′′′(a)∣∣q +
(∫ 1
1
2
h(1− t)dt
) ∣∣f ′′′(b)∣∣q
] 1
q

 ,
where we have used the fact that
(2.3)
∫ 1
2
0
(
t2
(
1
2
− t
))p
dt =
∫ 1
1
2
(
(t− 1)2
(
t−
1
2
))p
dt =
Γ(2p + 1)Γ(p + 1)
23p+1Γ(3p + 2)
and Γ is the Gamma function. Hence, the proof of (2.2) is complete. 
Remark 2. In Theorem 2, if we choose h(t) = ts, s ∈ (0, 1], then (2.2) reduces to (1.7).
A different approach leads to the following result.
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Theorem 3. Suppose that all the assumptions of Theorem 2 are satisfied. Then∣∣∣∣
∫ b
a
f(x)dx−
b− a
6
[
f(a) + 4f
(
a+ b
2
)
+ f(b)
]∣∣∣∣
≤
(b− a)4
6
(
1
192
)1− 1
q
×


[(∫ 1
2
0
t2
(
1
2
− t
)
h(t)dt
) ∣∣f ′′′(a)∣∣q +
(∫ 1
2
0
t2
(
1
2
− t
)
h(1− t)dt
) ∣∣f ′′′(b)∣∣q
] 1
q
+
[(∫ 1
2
0
t2
(
1
2
− t
)
h(1 − t)dt
)∣∣f ′′′(a)∣∣q +
(∫ 1
2
0
t2
(
1
2
− t
)
h(t)dt
) ∣∣f ′′′(b)∣∣q
] 1
q

 .(2.4)
Proof. From Lemma 1 and using the well-known power-mean inequality we have∣∣∣∣
∫ b
a
f(x)dx−
b− a
6
[
f(a) + 4f
(
a+ b
2
)
+ f(b)
]∣∣∣∣
≤
(b− a)4
6


(∫ 1
2
0
t2
(
1
2
− t
)
dt
)1− 1
q
(∫ 1
2
0
t2
(
1
2
− t
) ∣∣f ′′′(ta+ (1− t)b)∣∣q dt
) 1
q
+
(∫ 1
1
2
(t− 1)2
(
t−
1
2
)
dt
)1− 1
q
(∫ 1
1
2
(t− 1)2
(
t−
1
2
) ∣∣f ′′′(ta+ (1− t)b)∣∣q dt
) 1
q

 .
Since |f ′′′|q is s−convex, we have∫ 1
2
0
t2
(
1
2
− t
) ∣∣f ′′′(ta+ (1− t)b)∣∣q dt
≤
∫ 1
2
0
t2
(
1
2
− t
)(
h(t)
∣∣f ′′′(a)∣∣q + h(1 − t) ∣∣f ′′′(b)∣∣q) dt
=
(∫ 1
2
0
t2
(
1
2
− t
)
h(t)dt
) ∣∣f ′′′(a)∣∣q +
(∫ 1
2
0
t2
(
1
2
− t
)
h(1− t)dt
) ∣∣f ′′′(b)∣∣q
and ∫ 1
1
2
(t− 1)2
(
t−
1
2
) ∣∣f ′′′(ta+ (1− t)b)∣∣q dt
≤
∫ 1
1
2
(t− 1)2
(
t−
1
2
)(
h(t)
∣∣f ′′′(a)∣∣q + h(1 − t) ∣∣f ′′′(b)∣∣q) dt
=
(∫ 1
2
0
t2
(
1
2
− t
)
h(1− t)dt
) ∣∣f ′′′(a)∣∣q +
(∫ 1
2
0
t2
(
1
2
− t
)
h(t)dt
) ∣∣f ′′′(b)∣∣q .
Hence, the proof of (2.4) is complete. 
Remark 3. In Theorem 3, if we choose h(t) = ts, s ∈ (0, 1], then (2.4) reduces to (1.8).
3. Simpson type inequalities for (α,m)−convex functions
We use the following modified identity:
Lemma 2. [14, Lemma 2] Let f : I → R be a function such that f ′′′be absolutely continuous on
I◦, the interior of I. Assume that a, b ∈ I◦, with a < b, m ∈ (0, 1] and f ′′′ ∈ L1[a, b]. Then, the
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following equality holds:∫ mb
a
f(x)dx−
mb− a
6
[
f(a) + 4f
(
a+mb
2
)
+ f(mb)
]
=(mb− a)4
∫ 1
0
p(t)f ′′′(ta+m(1− t)b)dt,
where
p(t) =
{
1
6t
2
(
t− 12
)
, t ∈ [0, 12 ],
1
6(t− 1)
2
(
t− 12
)
, t ∈ (12 , 1].
Using this lemma, we can obtain the following inequalities for (α,m)−convex functions.
Theorem 4. Let f : I ⊂ [0, b∗] → R, be a differentiable function on I◦ such that f ′′′ ∈ L1[a, b]
where a, b ∈ I with a < b, b∗ > 0. If |f ′′′|q is (α,m)−convex on [a, b] for (α,m) ∈ [0, 1]2, q > 1
with 1
p
+ 1
q
= 1, then∣∣∣∣
∫ mb
a
f(x)dx−
mb− a
6
[
f(a) + 4f
(
a+mb
2
)
+ f(mb)
]∣∣∣∣
≤
(mb− a)4
96
(
Γ(2p + 1)Γ(p + 1)
Γ(3p + 2)
) 1
p
{[
|f ′′′(a)|q +m[2α(1 + α)− 1] |f ′′′(b)|q
2α(1 + α)
] 1
q
+
[
(21+α − 1) |f ′′′(a)|q +m[2α(1 + α)− (21+α − 1)] |f ′′′(b)|q
2α(1 + α)
] 1
q
}
.(3.1)
Proof. From Lemma 2 and using Ho¨lder’s inequality we have∣∣∣∣
∫ mb
a
f(x)dx−
mb− a
6
[
f(a) + 4f
(
a+mb
2
)
+ f(mb)
]∣∣∣∣
≤
(mb− a)4
6


(∫ 1
2
0
(
t2
(
1
2
− t
))p
dt
) 1
p
(∫ 1
2
0
∣∣f ′′′(ta+m(1− t)b)∣∣q dt
) 1
q
+
(∫ 1
1
2
(
(t− 1)2
(
t−
1
2
))p
dt
) 1
p
(∫ 1
1
2
∣∣f ′′′(ta+m(1− t)b)∣∣q dt
) 1
q

 .
Due to the (α,m)−convexity of |f ′′′|q , we have∫ 1
2
0
∣∣f ′′′(ta+m(1− t)b)∣∣q dt ≤∫ 12
0
[
tα
∣∣f ′′′(a)∣∣q +m(1− tα) ∣∣f ′′′(b)∣∣q] dt
=
|f ′′′(a)|q +m[2α(1 + α) − 1] |f ′′′(b)|q
21+α(1 + α)
and∫ 1
1
2
∣∣f ′′′(ta+m(1− t)b)∣∣q dt ≤ ∫ 1
1
2
[
tα
∣∣f ′′′(a)∣∣q +m(1− tα) ∣∣f ′′′(b)∣∣q] dt
=
(21+α − 1) |f ′′′(a)|q +m[2α(1 + α)− (21+α − 1)] |f ′′′(b)|q
2α(1 + α)
.
The proof of (3.1) is complete by combining the above inequalities and (2.3). 
Remark 4. In Theorem 4, if we choose α = 1, we get the inequality in [14, Theorem 4].
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Theorem 5. Let the assumptions of Theorem 4 hold with q ≥ 1. Then∣∣∣∣
∫ mb
a
f(x)dx−
mb− a
6
[
f(a) + 4f
(
a+mb
2
)
+ f(mb)
]∣∣∣∣
≤
(mb− a)4
1152
{(
12 |f ′′′(a)|q +m[2α(3 + α)(4 + α)− 12] |f ′′′(b)|q
2α(3 + α)(4 + α)
)1
q
+
(
12[α2 + 11α+ 34− 24+α(2− α)]
2α(1 + α)(2 + α)(3 + α)(4 + α)
∣∣f ′′′(a)∣∣q
+m
[
1−
12[α2 + 11α + 34− 24+α(2− α)]
2α(1 + α)(2 + α)(3 + α)(4 + α)
] ∣∣f ′′′(b)∣∣q)
1
q
}
.(3.2)
Proof. From Lemma 2, using the well known power-mean inequality and (α,m)−convexity of
|f ′′′|q, we have∣∣∣∣
∫ mb
a
f(x)dx−
mb− a
6
[
f(a) + 4f
(
a+mb
2
)
+ f(mb)
]∣∣∣∣
≤
(b− a)4
6


(∫ 1
2
0
t2
(
1
2
− t
)
dt
)1− 1
q
(∫ 1
2
0
t2
(
1
2
− t
)∣∣f ′′′(ta+m(1− t)b)∣∣q dt
) 1
q
+
(∫ 1
1
2
(t− 1)2
(
t−
1
2
)
dt
)1− 1
q
(∫ 1
1
2
(t− 1)2
(
t−
1
2
) ∣∣f ′′′(ta+m(1− t)b)∣∣q dt
) 1
q


≤
(b− a)4
6


(∫ 1
2
0
t2
(
1
2
− t
)
dt
)1− 1
q
(∫ 1
2
0
t2
(
1
2
− t
)[
tα
∣∣f ′′′(a)∣∣q +m(1− tα) ∣∣f ′′′(b)∣∣q] dt
) 1
q
+
(∫ 1
1
2
(t− 1)2
(
t−
1
2
)
dt
)1− 1
q
(∫ 1
1
2
(t− 1)2
(
t−
1
2
)[
tα
∣∣f ′′′(a)∣∣q +m(1− tα) ∣∣f ′′′(b)∣∣q] dt
) 1
q

 .
By using the fact that ∫ 1
2
0
t2
(
1
2
− t
)
tαdt =
1
16× 2α(3 + α)(4 + α)
,
∫ 1
2
0
t2
(
1
2
− t
)
(1− tα)dt =
2α(3 + α)(4 + α)− 12
192 × 2α(3 + α)(4 + α)
,
∫ 1
1
2
(t− 1)2
(
t−
1
2
)
tαdt =
α2 + 11α + 34− 24+α(2− α)
16× 2α(1 + α)(2 + α)(3 + α)(4 + α)
and∫ 1
1
2
(t−1)2
(
t−
1
2
)
(1−tα)dt =
2α(1 + α)(2 + α)(3 + α)(4 + α)− 12[α2 + 11α+ 34− 24+α(2− α)]
192 × 2α(1 + α)(2 + α)(3 + α)(4 + α)
,
we obtain ∣∣∣∣
∫ mb
a
f(x)dx−
mb− a
6
[
f(a) + 4f
(
a+mb
2
)
+ f(mb)
]∣∣∣∣
≤
(mb− a)4
6
(
1
192
)1− 1
q
{(
12 |f ′′′(a)|q +m[2α(3 + α)(4 + α)− 12] |f ′′′(b)|q
192 × 2α(3 + α)(4 + α)
)1
q
+
(
α2 + 11α + 34− 24+α(2− α)
16× 2α(1 + α)(2 + α)(3 + α)(4 + α)
∣∣f ′′′(a)∣∣q
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+m
[
1
192
−
α2 + 11α+ 34− 24+α(2− α)
16× 2α(1 + α)(2 + α)(3 + α)(4 + α)
] ∣∣f ′′′(b)∣∣q)
1
q
}
,
which implies the desired result. 
Remark 5. In Theorem 5, if we choose α = 1, we have the inequality in [14, Theorem 5].
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